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Abstract 

In this note we prove that any integral closed k-form t/)'^, fc > 3, on a m-dimensional 
manifold M"*, m > fc, is the restriction of a universal closed k-form h'^ on a universal 
manifold as a result of an embedding of A/™ to [/ 
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1 Introduction. 

Let a manifold be equipped with a tensor of degree and a manifold A^" equipped 
with a tensor (3^. Suppose that n > m. We want to know if there is an immersion 
/ : M"* iV" such that f*{l3'^) = a''. This problem has a long history, the Nash 
embedding theorem for {M"^,a'^) being a Riemannian manifold and (A^",/3^) being the 
standard Euclidean space is one of most spectacular results in this field. Gromov in his 
seminal book [Gromovl986] developed many methods for solving this problem. 

In this note we apply the Gromov theory to obtain the existence of a universal space 
jjd{m,k) ^ equipped with an integral closed k-form , k > 3, for any m-dimensional man- 
ifolds M™' equipped with an integral closed k-form (p^ (Theorem 3.6). Theorem 3.6 is a 
generalization of Tischler's theorem [Tischlerl977] on the existence of a symplectic embed- 
ding from an integral symplectic manifold (M^",a;) to CP^ equipped with the standard 
Kaehler symplectic form. 



This note also contains an Appendix written in communication with Kaoru Ono which 
contains a new "soft" proof of a version Theorem 3.6 on the existence of a universal space 
for manifolds equipped with an integral closed k-form. Our soft proof does not use the 
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Nash-Gromov implicit function theorem, but we do not get a C^-perturbation result as in 
Theorem 3.6. 



2 H-principle and Nash-Gromov implicit function theorem. 

In this section we briefly recall some important notions and results in the Gromov theory 
[Gromovl986] which we shall use for our proof of Theorem 3.6. 

Let V and W be smooth manifolds. We denote by (V, W)^'^\ r > 0, the space of r-jets of 
smooth mappings from V to W. We shall think of each map f : V ^ W as a section of 
the fibration VxW = {V, over V. Thus {V, W)^'''^ is a fibration over V, and we shall 

denote by the canonical projection {y,W)^^^ to V, and by the canonical projection 
(y",W)W ^ iV,WY'"\ for any s > r. 

A section s : V ^ (V, Wy is called holonomic, if s is the r-jet of some section f : V ^ 
{V,W). 

We say that a differential relation TZ C (F, VF)*^'"' satisfies the H-principle, if every con- 
tinuous section (pQ : V ^ TZ can be brought to a holonomic section (f)i by a homotopy of 
sections : F — > 7?., t G [0, 1]. 

We say that a differential relation TZ C (V, l^^)^'') satisfies the H-principle C°-near a map 
fo'.V^ W, if every continuous section : V ^ TZ which lies over /o, (i.e. Pq o (pQ = /q) 
can be brought to a holonomic section cpi by a homotopy of sections 4>t '■ V ^ TZu, t G [0, 1], 
for an arbitrary small neighborhood U of fo{V) in V x W [Gromovl986, 1.2.2]. Here for 
an open set U CV x W, we write 

TZu :={p^)-HU)nTZc{V,Wr. 

The H-principle is called C°-dense, if it holds true C'^-near every map / : F — > W. 

We also define the fine C'^-topology on the space C^{X) of continuous sections of a 
smooth fibration X ^ V by taking the sets C°(C/) C C°(X), U is open in X, as the basis 
for this topology. The fine C^-topology on C'^{X) is induced by the fine C°-topology on 
using the embedding C'iX) 

Suppose we are given a differential relation TZ C (V, W)^''). We define the prolongation 
TZ'' C {V,WY+'' inductively. Let TZ' C (7^(^))(^) consist of the 1-jets of germs of C^- 
sections V ^ TZ. We put TZ^ := TZ' n C Then repeat this and define 

7^fc := {V,WY+'' n {TZ'^-^y C {{V,WY+^-^)K a C+'^-solutlon of 7^ is a holonomic 
section of TZ''. 
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Fix an integer k>r and denote by the space of C'^-solutions of TZ over U for all open 
U dV. This set equipped with the natural restriction ^(U) $([/') for all U' C U makes 
^> a sheaf which wc call the solution sheaf of TZ over V. We shall say that $ satisfies the 
i7-principle, if TZ satisfies the H-principle. 

A sheaf ^ is called flexible (microflexible), if the restriction map $(C) — > <I>(C") is a 
fibration (microfibration) for all pair of compact subsets C and C' (Z C in M . We recall 
that the map a : A ^ A' is called microfibration, if the homotopy lifting property for a 
homotopy ^ : P x [0, 1] ^ ^' is valid only "micro" , i.e. there exists £ > such that can 
lift to a homotopy 'ijj : P x [0,£] —>■ A. 

2.1. H-principle and flexibility [Gromovl986, 2.2.1.B]. If V is a locally compact 
countable polyhedron (e.g. manifold), then every flexible sheaf over V satisfies the H- 
principle. 

2.2. A criterion on flexibility. [Gromovl986, 2.2.3.C"] Let ^ be a microflexible sheaf 
over V and let a suhmanifold Vq C V he sharply movable by acting diffeotopies. Then the 
sheaf $0 = ^|vb flexible and hence it satisfies the H-principle. 

One of Gromov's method to get the microfiexibility of some sheaf (and then to get the 
H-principle) is to exploit the Nash-Gromov implicit function theorem. 

Let X ^ V he a smooth fibration and G ^ V he a smooth vector bundle over a manifold 
V. We denote by A*" and t?" respectively the spaces of C"-scctions of the fibrations X and 
G for all q; = 0, 1, • • • , oo. Let V : ^ be a differential operator of order r. In other 
words the operator V is given by a bundle map A : X^^^ G, namely T>{x) = A o J^, 
where J^(v) denotes the r-jet of x at v e V. We assume below that X> is a C°°-operator 
and so we have continuous maps V : X"~^^ —>■ for all a = 0, 1, • • • , oo. 

Now wc shall define the linearization of a differential operator T>. Let a; be a C"-section 
of a smooth vector bundle X ^ V. Denote by the induced vector bundle x*{T^ertiX))- 
For each P < a we denote by the space of C^-section V ^ Y^. The space can be 
considered as the tangent space r-r(Af°). Now we suppose that the fibration X ^ V does 
not have boundary. For x E the linearization : ^ of the operators V at x 
is defined as follows. Let y = dxt/dt^^^Q. Then 

d 

Lxiy) = L{x,y) = —^^^V{xt). 

We say that the operator V is infinitesimal invertible over a subset A in the space 
of sections x : V ^ X if there exists a family of linear differential operators of certain 
order s, namely : — > y^, for x G A, such that the following three properties are 
satisfied. 
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1. There is an integer d> r, called the defect of the infinitesimal inversion M, such 
that A is contained in X'^, and furthermore, A = A'^ consists exactly of C"^-solutions 
of an open differential relation A C X^'^K In particular, the sets A°'^'^ = ^ n 

are open in X"^'^ in the respective fine C"^''-topology for all a = 0, 1, • • • , oo. 

2. The operator Mx{g) = M{x,g) is a (non-linear) differential operator in x of order s. 
Moreover the global operator 

M ■.A'^ xg' ^ = r(A'°) 

is a differential operator, that is given by a C°°-map A © G^^") — Tygrti^)- 

3. Lx o Mx = Id that is 

L{x,M{x,g)) = g for ah x G A'^^'' and g G 0''+'. 

Now let P admit over an open set A = A"^ C an infinitesimal inversion M of order s 
and of defect d. For a subset B C X*^ x we put B"'^ := B n (AT" x g^). Let us fix an 
integer ctq which satisfies the following inequality 

(*) (To > s = max((i, 2r + s). 

Finally we fix an arbitrary Riemannian metric in the underlying manifold V. 

2.3. Nash-Gromov implicit function theorem. [Gromovl986, 2.3.2]. There exists a 
family of sets Bx C for all x G .4'^°+^+*, and a family of operators Vx^ : Bx ^ A 

with the following five properties. 

1. Neighborhood property: Each set Bx contains a neighborhood of zero in the space 
go-o+s_ PuTtheTm,ore, the union B = {x} x Bx where x runs over ^'^0+''+*, is an open 
subset in the space ^'^o+r+s ^ go-o+s_ 

2. Normalization Property: P~"^(0) = x for all x G A'^°~^'^~^^ . 

3. Inversion Property: V o — T>{x) = Id, for all x G A'^°~^^^^ , that is 

V{Vx\g))=V{x) + g, 

for all pairs {x,g) G B. 

4- Regularity and Continuity: If the section x G A is C^^'^'^'^" -smooth and if g ^ Bx 
is C'^^'^^ -smooth for cfq < a\ < r]\, then the section T>~^{g) is -smooth for all 
a < ax. Moreover the operator V'^ : ^^i+^+''.<^i+« ^ A", V-^{x,g) = V'^ig), is 
jointly continuous in the variables x and g. Furthermore, for r]i > ai, the section 

D-l . Qrn+r+s,a^+s _^ j^a^ COntmUOUS. 
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5. Locality: The value of the section V^^{g) : V ^ X at any given point v & V does 
not depend on the behavior of x and g outside the unit ball 3^(1) in V with center v, 
and so the equality {x,g)\B^(i) = implies V-^{g)){v) = {D~,^{g')){v). 

2.4. Corollary. Implicit Funtion Theorem. For every xo G .4°° there exists fine 
C^^^^^ -neighborhood Bq of zero in the space of Qs+s+i, where s = max(d, 2r + s), such 
that for each C'^~^^ -section g G Bq, a > s + 1, the equation T>{x) = P(xo) + g has a 

-solution. 

Finally we shall show a large class of microfiexible solution sheafs $ by using the Nash- 
Gromov implicit function theorem. 

Let us fix a C°°-section g : V ^ G and we call a C°°-germ x : Op{v) ^ X , v V , an 
infinitesimal solution of order a of the equation 'D{x) = g, if at the point v the germ 
g' = g- V{x) has zero a-jet , i.e. J^,{v) = 0. We denote by ^^{V^g) C the set of 

all jets represented by these infinitesimal solutions of order a over all points v ^V. Now 
we recall the open set A C X^'^^ defining the set A C X^*^^ , and for a > cZ — r we put 

na = na{A,v,g)=A'-+''-'^nn''{v,g)cx^'+''\ 

where ^'-+"-'^ = {p'^+'')-^ (A) for : ^ X'^. 

A C+^-section x : V ^ X satisfies TZa, iff V{x) = g and x & A. 

Now we set TZ = TZa-r and denote by $ = = ^{A, V, g) the sheaf of C°°-solutions of 

n. 

2.5. Microflexibility of the sheaf of solutions and the Nash-Gromov implicit 
functions. [Gromovl986 2.3.2.D"] The sheafs is microfiexible. 

3 Universal space for integral closed k-forms on m- dimensional 
manifolds. 

Suppose that m > A; > 3. In this section we shall show that any integral closed k-form 
on a m-dimensional smooth manifold can be induced from a universal closed k-form 
h'^ on a universal manifold J7'^("*''=) by an embedding M"^ to a universal space 
see Theorem 3.6. 

Our definition of the universal space ([/'^(™''^), h^'^ is based on the work of Dold and Thorn 
[D-T1958] as well as the idea of Gromov [Gromov2006] to reduce this problem to the case 
that (p is an exact k-iovm. 
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Let SP'^{X) be the g-fold symmetric product of a locally compact, paracompact HausdorfF 
pointed space {X, 0) , i.e. SP'^{X) is the quotient space of the g-fold Cartesian (X^, 0) over 
the permutation group Gq. We shall denote by >S'P(X, 0) the inductive limit of SP'^{X) 
with the inclusion 

X = SP^{X) ^ SP'^iX) ^ ^ SPi{X) i ■ ■ ■ , 

where 

SP1{X) h SP1+HX) : [Xi,X2,--- ,Xq]^[0,Xi,X2,...,Xq]. 

Equivalently we can write 

SP{X,0)=Y,SP''iX)/{[xuX2,--- - [0,xi,X2,--- 

So we shall also denote by iq the canonical inclusion SP'^{X) — > SP{X, 0). 

3.1. Theorem, (see [D-T1958, Satz6.10]) There exist natural isomorphisms j : Hq{X,'Ij) - 
Trq{SP{X,0)) forq>0. 

3.2. Corollary. ([D-T1958]) The space 5'P(S'",0) is the Eilenberg-McLane complex 
K{Z,n). 

Now let be the generator of H^{SP{S^ ,{)),'L) and by abusing notations we also de- 
note by the restriction of the generator to any subspace iq{SP'^{S^)) C 5P(S''^,0). 
The following lemma shows that we can replace a classifying map from (M™, [0'^]) to 

(SP(5'=,0),r*^) by a map from (M"», [4>'']) to {SP^'^^+^{S''),t'') . 

3.3. Lemma. Let [cf)'^] € //^(M™,Z). Then there exists a continuous map f from to 
(5p[^]+i(^fc)) swc/i that /*(r^) = [0^1. 

Proof. Let /o be a classifying map from to SP{S^,Q) such that /* (r^) = a. Denote 
by the i-dimensional skeleton of SP{S^,0) and by f the restriction of to K"^. Then 
we know that /o is homotopic equivalent to a continuous map /i : M"* — > K"* such that 
/*(r*^) = [0*^]. To prove Lemma 3.3 it suffices to find a map g : K"" ^ SP['^l+^(5*=) such 
that £?*(r'=) = r*^. Then the map f = g o fi satisfies the condition of Lemma 3.3. 

We observe that K'''^^ = consists of the sphere . If m = A; or m = A; + 1, then g 
can be chosen as the identity map. Now suppose that m > k + 2. The following identity 
[D-P1961, (12.12)] 

TTi{SP'\X)) = Hi{X) for i < fc + 2n - 1, n > 1, 
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if X is connected and Hi{X) = Q iov Q < i < k, k > 1, implies that 
7ri(5P['^]+i(5'=)) =0, for + 1 < i < m - 1. 

Using the obstruction theory we obtain a map g : 

j^m _^ ^p[I2_]+lj.^fc^J extending the 

inclusion map 

j^k ^ gk ^ Clearly the map g satisfies the required 

property that g*{T^) = f^. □ 

Since S'p[^^l'^^(S''^) has a finite simplicial decomposition we can apply the Thom construc- 
tion in [Thoml954, III. 2] where Thom showed that any finite m-dimensional polyhedron 
K can be embedded in a compact (2m + l)-dimensional manifold M^"*"*"^ such that K is 
a retract of M^™^^. As a result we get the following 

3.4. Lemma. The space S P^'^~'^~^^ {S^) can be embedded into a compact smooth manifold 
^s(m,k)^ s(m,A;) = 2([^^^] + 3)A; + l, such that (the image of) S P^'^^+^ {S'') is a retract 

of J^s(m,k)_ 

Let us denote also by the pull back of the universal class from S P^^^'^^'^^ {S^) to 
j^s{m,k) g^j^^ Yet of' be any differential form representing on 

Let f3i be the following k-form on R*^'' with coordinates x'^^ ,1 < i < I, 1 < j < k 
/3f = dx^^ A dx^^ ■■■A dx^'' + ■■■ + dx^^ A dx'-^ • ■ ■ A dx^''. 

Set d{m,k) :=s{m,k) + 2m + 2-k + ^ik-l)[^]i[^]-l) + k{m + l){"'^^). 

Now we state the main theorem of this section. Let 

(3.5) {U'^("''''\h^) = (M^("».'=) X M'=^,a'= © f3%). 

3.6. Theorem. Suppose that (f)^ is a closed integral k-form on a smooth manifold M^. 
Then there exists an embedding f : M™ {U'^^'^'^\h^) such that f*{h^) = (f). Moreover 
for any given map f : ([/<^("^.^)^ h'^'j such that f*[h''] = [(j)'^] there exists a C'^ -close 

to f embedding f : M"" ^ ud{m,k) ^^^f^ ^/^^^ j*i^f^k^ ^ ^fc_ 

Proof of Theorem 3.6. Using Lemma 3.3 and Lemma 3.4 we see that the first statement 
of Theorem 3.6 follows from the second statement of Theorem 3.6. Furthermore we shall 
reduce the second statement to an immersion problem for exact 3-forms as follows. Denote 
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by /i : M"* M^^'^'^'' the projection of / to the first factor. Then we have fl{T^) = 
[i^] e H''{M"',Z). Let 

5 = </>-/r(«). 

Clearly g is an exact k-form on M™. We can also assume that /i is an embedding by 
perturbing this map a little, if necessary. Thus the second statement of Theorem 3.6 is a 
corollary of the following Proposition. 

3.7. Proposition. For any given map /q : M"* M'^^ there is a -close to fo immersion 
f^-.M""^ such that f^{P%) = g for any exact k-form g. 

We shall apply the Gromov H-principle for immersion of differential forms to prove Propo- 
sition 3.7. Gromov extended the Nash idea to add some regularity for an immersion in 
order to apply the implicit function theorem and then using 2.5 to get the H-principle for 
the isometric immersion. Finally using the H-principle we shall get immersions required in 
Proposition 3.7. 

Let /t be a smooth differential fc-form on a manifold W . Denote by Ih{w) ^ linear homo- 
morphism 

ih{w) ■■ T^w ^ A''-\T^wy, X^Xjh. 

A subspace T C T^W is called /i(7i;)-regular, if the composition of Ih{w) with the restric- 
tion homomorphism r : K^'^{T^W)* A'=^i(r)* sends TyjW onto A^-'^{T)*. 

An immersion f : V —>■ W is called h-regular, if for all t; G the subspace Df{TvV) is 
h{f {v))-iegu\ai . 

Proof of Proposition 3. 7. Roughly speaking, we add the condition of -regularity to the 
isometry property (i.e. f^{P%) = g) and extend this equation for mappings also denoted 
by /a from the manifold M"^~^^ = M"^ x (—1,1) provided with a form g ®0, denoted from 
now on also by g, to the space {R^^,f3^). Our Proposition 3.10 states that the solution 
sheaf restricted to C M"^~^^ satisfies the H-principlc. In fact, this statement is a 
consequence of Theorem 3.4.1.B' in [Gromovl986]. So essentially we re-expose the Gromov 
proof of Theorem 3.4. l.B' in our concrete case, and we try to make Gromov's argument 
more transparent. Now to prove the existence of a /3^-regular isometric immersion /a 
which is C'^-close to a given map /o, it suffices to find a section of this extended differential 
relation which lies over /o (Proposition 3.12). That is only the essential new ingredient in 
our proof of Proposition 3.7. 

Now we are going to define our extended differential relation. Let us denote also by fo 
a map M™+i ^ {R''^ , p%) extending a given map /o : ^ R^^ . We denote by Fq 
the corresponding section of the bundle M™+^ x R^^ M"^~^^, i.e. Fo{v) = {v,fo{v)). 
Denote by Fq C M'"+^ x R''^ the graph of fo (i.e. it is the image of Fq), and let p*{g) 
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and p*{(3%) be the pull-back of the forms g and to M"^+^ x M'^^ under the obvious 
projection. Take a small neighborhood y D Fq in M"^'^^ x M'^^. Since and g are exact 
forms we get 

for some smooth {k — l)-form Pn on Y. 
Our next observation is 

3.8. Lemma. Suppose that a map F : M™'^^ Y corresponds to a P^^-regular immersion 
f : M"^~^^ — > M!^^ . Then F is a d(5^ -regular immersion. 

Proof. We need to show that for all y = F{z) e Y, z e M"*"*"^, the composition p of the 
maps 

TyY hi^-^)TyY ^ A('=-i)(dF(T(,)(M-+i)) 

is onto. This follows from the consideration of the restriction of p to the subspace S C TyY 
which is tangent to the fiber M*^^ in M'"+^ x M*^^ D y. □ 

Now for a map d/^Ar-regular map F : M™"*"^ — > Y and a (fc 
set 

(3.9) V{F,4>):=F*0i,) + d<t>. 

With this notation the map / : M™'^^ corresponding to F : M"^+^ ^ y satis- 

fies 

f*[l3%) = F*{p*{P%)) =g + F*{dPN) =9 + dV{F, cl>), 

for any 0. Since the space of {k — 2)-forms is contractible, it follows that the space of 
(i/3iv-regular sections F : M™+^ — Y for which 

(3.9.1) f*(f3'^^) = g + dgi 

for a given (k — l)-form gi has the same homotopy type as the space of solutions to the 
equation 

V{F,ct>)=gi. 

In particular the equation f^{(5%) = g reduces to the equation T>[F, ^) = in so far as the 
unknown map /s is C°-close to /o (so that its graph lies inside Y). 



- 2)-form on M™+i we 
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We define by ^reg the solution sheaf of the equation (3.9) whose component F is d$N- 
regular. 

3.10. Proposition. The restriction of the solution sheaf ^reg to satisfies the H- 
principle. Hence the solution sheaf of P'^ -regular isometric immersions f : {M'^'^^,g) — > 
{R'''^,P%) such that F(M"^+i) C Y restricted to M"" also satisfies the H -principle. 

Before proving this Proposition we shall prove the following 

3.11. Lemma. The differential operator V is infinitesimal invertible at those pairs {F,(f)) 
for which the underlying map f is a -regular immersion. 

Proof. The linearization Lf^p^^^V acts on the space of couples {V, 4>) where F is a section of 
f*{T:fM.^^) (a vector field on M/^^ along the corresponding map /) and is a (A; — 2)-form 
on M"^+^ as follows 

(3.11.1) hF,<t>)'D{V, 4>) = CvPn + # = V\dPN + d{V\PN) + #. 

By Lemma 3.8 the map F is a (i/3jv-regular immersion. Hence the equation for V 

(3.11.2) F*{V\dPN) = ~g, 

is solvable for all {k — l)-form g on M"*+^. Now we set: 

(3.11.3) ^ := F\V\$n) 

Clearly every couple (F, (/>) satisfying (3.11.2) and (3.11.3) is a solution of the equation 
L^^p^^yDiy, (f)) = g for any given {k — l)-form g. □ 

Proof of Proposition 3.10. Taking into account Lemma 3.11 and 2.3 (Nash implicit function 
theorem), 2.5 (Nash implicit function theorem implies the microfiexibility) we get the 
microflexibility of ^reg- Next we use the Gromov observation [Gromovl986, 3.4. l.B'] that 
Af" is a sharply movable submanifold by acting diffeotopies in M"^~^^ which implies that 
the restriction of ^reg to M'" is flexible. Hence we get the first statement of Proposition 
3.10 immediately. The second statement follows by a remark above relating (3.9) and 
(3.9.1). □ 

Completion of the proof of Proposition 3. 7. 

Suppose we are given a map /o : M"* M*^^. Since M"* is a deformation retract of M'^'^^ 
the map /o extends to a map / : M"*+^ - 
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For each z G M"" we denote by Mono{{T^M"'+'^ , g), (T/(^)R^^, /?^)) the set of all monomor- 
phisms p : T^M"'+'^ T/(^)M'=^ such that the restriction of P%{f{z)) to Df{T^M'^+'^) is 
equal to {Df-^)*g. 

3.12. Proposition. There exists a section s of the fibration Mono{{TM"'+'^ , g), f*{TR''^ , P^)) 
such that s{z)(TzM'^'^^) is 13% -regular subspace for all z G M"*. 

Proof of Proposition 3.12. The proof of Proposition 3.12 consists of 3 steps. 

Step 1. Wc consider TM™-"*"-^ and Af" x M*^-^ as vectors bundles over the same base M"^. 
Wc shall show the existence of a section si € M ono{T M'^'^^ , M"^ x M*^^) such that the 
image si(TM^'''^^) is a /3^-regular sub-bundle of dimension (m + 1) in M™" x m!^^ . To save 
notations we also denote by the following k-form on R'^^ = ©^^M^ 

N 

13^ = ^dx] ^■■ ■ AdXj. 

Here {xj),l < i < k, are coordinates in for each j = 1,N. 
We put for Z > A; > 3 

fc) := (/ - 1) + ^(2 + - 1]) + [1^](1 + {{1 - 1) mod (A. - 1))). 

Here we set i mod (A; — 1) := z — (A; — 1) • [i/{k — 1)]. 

3.13. Lemma. For each given I > k >3 there there exists a I- dimensional subspace in 
j^feAT gyg/j ll^(J^^ yl ig -regular subspace, provided that N > S{l,k). 

Proof. We shall construct a linear embedding f'^ : ^ R'^^ whose image satisfies the 
condition of Lemma 3.13. We work in opposite way, i.e. for each I we shall find a number 
S{1, k) and an embedding f :V^ ^ MkS{l,k) = e^£'^'=)Rfc and / can be written as 

f = ifi, A,---, fkl,k)), fj ■■ V' - ^,3 = MOT, 

such that / satisfies Lemma 3.13 with 5{l, k) = N. Clearly the embedding — > y'^-^C-*:) — > 
R*^^ also satisfies the condition of Lemma 3.13 for all N > S{1, k). 

We can assume that C V^+^ C • • • C is a chain of subspaces in which is generated 
by some vector basis (ei, • • • , e/) in . Wc denote by (ej, • • • , e^) the dual basis of (V^)* . 
By construction, the restriction of (ej, • • • , e*) to is the dual basis of (ei, • • • , Cj) € F*. 
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For the sake of simplicity we shall denote the restriction of any v* to these subspaces also 
by Vj (if the restriction is not zero). We shall construct fl inductively on the dimension I 
of such that the following condition holds for all k < i < I 
(3.14) 

The condition (3.14) implies that 

/^.(R'^^CW) = Afe-i(y^)*, 

so /*(F*) is /3*^-regular. For I = k we can take = Id, and S{k,k) = 1. Suppose that 
(/{,■■• , fg^ - ) are already constructed for our map 

We shall construct map /'+^ as follows. We set for j < S{i, k) 

f;^'(ep) = f;(ep) ifl<P<i, 
/;+Hei+i) = 0. 

To find /*"^\ S{i, k) + 1 < j < S{i + 1, k), so that (3.14) holds for the next induction step 
(i+l), it suffices to find linear maps fs^i\)^i,- ■ ■ , fs(i+i k) with the following property 
(3.15) 

< ifm+ir^'-'i^m+ir, • • • , (/S+i,.))*A^-H<.+i,.))* >m^ ^'-\vr A e*+i. 

We shall proceed as follows. Set S{i + l,k) := 6{i,k) + [(^zrjy] + 1- Choose for any 
^ < j < S{i + 1, k) a basic {wj), 1 <i <k, of the space Rj. We let 

/j+i(e,+i) = e if j > S{i, k) + 1, 

/5j,fc)+l(^^l) = ^5(i,fc)+l' /5ji)+l(^2) = W'|(i,fe)+i> • • • , /*^Hefc_i) = 
/5ji)+2(efc) = ^i^|(i,fc)+2' /5j)+2(efe+l) = 'Ws{i,k)+2^ • • • ' f "^^(e2(fe-l)) = ^^t(j,fe)+2> 

... fi+1 (p.\_.i mod(A;-l) 

It is easy to see that the constructed map /'+^ satisfies (3.15) and hence also (3.14). Now 
using the identity the 5{i + 1) — = [(^zrjy] + 1 we get 



s{i,k) = i + {i-k)+j2[^] 
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= G-l) + 2(fc-l) + 3(fe-l) + ... + [[-^](fc-l) + [[-i](((/-l) mod(fc-l)) + l) 

= (Z - 1) + ^(2 + - 1]) + + ((/ - 1) mod {k - 1))). 

□ 

Wc shall consider M™ x y2m+i ^ sub-bundle of x M5(2™+i,fc) over M™. Next 
we shall find a section si for the step 1 by requiring that si is a section of the bundle 
Mono{TM"'+'^,M^ x of all fiber mono-morphisms from TM"'+^ to M"" x This 
section exists, since the fiber Mono{TxM'^'^^ ,W") is homotopic equivalent to SO{2m + 
l)/SO{m) which has all homotopy groups iTj vanishing, if j < (m — 1). This completes the 
step 1. 

Step 2. Once a section si in Step 1 is specified we put the following form gi on TMJ^^^^' 

91 =9-s\{l3). 

In this step we show the existence of a section S2 of the fibration H om({T M"^^^ , gi) , (Af™ x 
j^fc-(m+i)-C"+^)^^fc)) over M™. Here we consider (M'" x R'^'^^+^X^fc^'), as a fibration 
over M"* and equipped with the fe-form on the fiber m'^ (™+i)'( k ). We do not require 
that S2 is a monomorphism. 

Using the Nash trick [Nashl956] (see also the proof of Proof of Theorem B.l below) we 
can find a finite number of open coverings , j = 1, (m + 1), of which satisfy the 
following properties: 

(3.16) [// n Ui = 0, Vj = 1, (m + 1) and i + k, 

and moreover [/^ is diffeomorphic to an open ball for all i, j. Since C// satisfy the condition 
(3.16), for a fixed j we can embed the union U'-' = DiU- into M"^. Thus for each j on the 
union Lf^ we have local coordinates x^, r = 1, (m + 1), j = 1, (m + 1). Using partition of 
unity functions fj{z) corresponding to W we can write 

m+l 

j=l l<ri<r'2<---<r'fc<m+l 

where the last coordinate x'^'^^ corresponds to the direction which is transveral to TzUj 
in Uj X (—1, 1) C M"*+^. We numerate (i.e. find a function 9 with values in N"*") on the 
set {{j,rir2 ■ ■ -rk)} of iVi = (m + 1) • {"^^^) elements. Next we find a section S2 of the 
form 
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such that 

where Ar,,r2,- ,rk{dxri G r^M"*+i) := Sjci G M^. 

Here (ei, 62, • • • , e^) is a vector basis in for q = 6{j, rir2 ■ ■ ■ r^) and {dxn) a basic in 
TzM^'^^ defined via embedding Uj — as above. Clearly the section S2 satisfies the 
condition S2{P^{z)) = gi{z) for all z G M^. This completes the second step. 

Step 3 . We put 

s = (S1,S2), 

where si is the constructed section in Step 1 and S2 is the constructed section in Step 2. 
Clearly s satisfies the condition of Lemma 3.13. □ 

Proposition 3.7 now follows from Proposition 3.10 and Proposition 3.12. □ 

3.17. Final remark. We conjecture that the isometric embedding map / in Theorem 
3.6 is unique up to homotopy. It is the case, if (j)'' is a closed stable form on (i.e. the 
orbit of GL^{T^M'^){^^) is dense in the space A^{T*M) for all x G M"", see [LPV2007] 
for more information). 
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Appendix. 

in communication with Kaoru OncQ 

A soft proof of the existence of a universal space. 

For readers' convenience, we present here an elementary proof of the following 

A.l. Theorem. For any given positive integers n,k there exists a smooth manifold A4 
of dimension N{n, k) and a closed differential k-form a on it with the following property. 
For any closed differential k-form to on a smooth manifold M" such that [lo] € ff'^(M",Z) 
there is a smooth immersion f : — > _\4^i"''^) such that f*{a) = oj. 

Proof. As in the proof of Theorem 3.6 we reduce this problem to the existence of an 
embedding of M" to the space with the constant A:-form such that the pull-back 
of [3-^ is equal to a given exact A;-form g. Since g is an exact form there exists a (fc — l)-form 
(p on M" such that d(j) = uj. 

Next we use the Nash trick of a construction of an open covering Ai on M" 
(^.2) = Uto^„ 

such that each Ai is the union of disjoint open balls Dij, j = 1, . . . , J{i) on M". (Pick 
a simplicial decomposition of M" and construct Ai by the induction on i. Let Dqj be a 
small coordinate neighborhood of the j'-th vertex. We may assume that they are mutually 
disjoint. Set Aq = Uj^^Doj. Suppose that AQ,...,Ai are defined. Let -Dj+ij be a 
small coordinate neighborhood, which contains Sj'^^ \ U^^q^^, where 5**^^ is the j-th i + 
1-dimensional simplex. We may assume that they are mutually disjoint. Set Aj+i = 
Uj^^^^ Di^ij. Hence we obtain desired open sets Aq, . . . , An.) 

Let {pi} be the partition of unity on M subordinate to the covering {Ai}. We write 
'Pi^) — 'l27=oPi(^) ' ^- Note that uj = dcj) = ^^^(pi- Clearly the form (pi = pi{x) ■ cp has 
support on A^. 

^Department of Mathematics, Hokkaido University, Sapporo 060-0810, Japan 
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Let A^i = J and 

Ni 

7 = ^ XjdXj A • • • A dxj. 
i=i 

Note that j = 1, . . . , {iJli) are in one-to-one correspondence with the sequences 1 < ^2 < 
• ■ ■ < Zfc < n. 

A. 3. Proposition. There is an immersion fi'.Ai^ (M^i*^,7) such that f*{p() = 4>i- In 
particular, f^d'y = d(pi. 

Proof of Proposition A. 3. Since is a union of the disjoint balls D^j it suffices to prove 
the existence of immersion fi on each ball D = Dij. Take some coordinate (xi, • • • 
on the ball D. We can write the restriction of the (fe — l)-form to D as (f), where 

(f,{x) = ^ \i^...i^dx'-^ A ■ ■ ■ A dx**^. 
I<i2<---ifc<n 

We construct map as follows 

(^•4) fi{x) = (..., fi-M-ik ix),... )l<i2<-<ifc<n 

where for x = {xi,X2-, • • • , Xn) we put 

{x\ , • • • , 3^rz) ' ^ {x — \i2---i^ {x^,X =X^,'** ^X = X^^. 

Clearly we have fiioj) = (j). It is easy to check that fi is an immersion on D. □ 

We shall use cut-off functions Xi with support contained in C M such that Xi = 1 on 
the support of pj. Then fi = Xi' fi can be extended to the whole M'". 

Now we construct an immersion / : M" — > M^i = ^^iKn+i) j-^y setting 

iB.5) /(x) = (/o,... ,/„). 

Clearly / is an immersion such that f*a = u. 

Finally we note that we can choose / : M" such that its image is contained in an 

arbitrary small neighborhood of the origin. It suffices to construct immersion fi in (A. 5) 

such that the image of fi is contained in an arbitrary small neighborhood of the origin. 
Since fi is constructed from immersion of ball Dij with help of cut-off function Xi such 
that \xi\ < 1 we reduce this problem to construct fi whose image lies in arbitrary small 
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neighborhood of origin. We do it by refining a given covering Dij of and modifying an 
immersion / satisfying the condition of Theorem A.l. 

Choose R > such that the image of / is contained in the i^-ball centered at the origin 
O G M^i. For a given integer m, we pick a refinement {Vp} of the covering {Dij}i j such 
that fi(p){Vp) is contained in a ball of radius 1/m?. (The center of the ball may not be the 
origin.) Here i{p) is chosen so that Vp C i.e., there is j{p) such that Vp C 

Applying the Nash trick again to refine {Vp} so that there is an open covering {A'^} of 
M such that each of A'- is a union of some mutually disjoint family of T^'s. On Vp G A'- 
we modify the construction of the mapping fi-i2,...,i,. as follows. Using the translation in 
X2, ■ ■ ■ Xfc-coordinates in each M^j, assume that 

fi;i2,...h{Vp) C [-R,R] X [-l/m^,l/m^] X ••• X [-l/m^,l/m% 
Now we consider the mapping 

$m : {xi,X2, . . . { — ,^1- X2,X3, . . .,Xk). 

m 

Then we find that A ■ ■ ■ A dx^ = dx^ A ■ ■ ■ A dx'' and 

^mo/i;i2,...,ifc(^j) C [-R/m,R/m] x [-l/m, l/m] x [-l/m^, l/m^] x • • • x [-l/m^, l/m^]. 

Clearly the modified map fi with components fi;i2,...,ik{Vj) := $m o /i;i2,...,ife(^) (see (A.4) 
for definition of fi) together with the new refined partition of Ai as above has its image 
contained in an arbitrary small neighborhood of origin by taking m arbitrary large. □ 
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